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Abstract 

This paper is a short account of the construction of a new class of the infinite- 
dimensional representations of the quantum groups. The examples include finite- 
dimensional quantum groups Uq{g), Yangian Y{g) and affine quantum groups at zero 
level Uq{Q)c=o corresponding to an arbitrary finite-dimensional semisimple Lie algebra 
Q. At the intermediate step we construct the embedding of the quantum groups into 
the algebra of the rational functions on the quantum multi-dimensional torus. The 
explicit parameterization of the quantum groups used in this paper turns out to be 
closely related to the parameterization of the moduli spaces of the monopoles. As a 
result the proposed constructions of the representations provide a quantization of the 
moduli spaces of the monopoles on and x S"^. 
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1 Introduction 



Constructions of explicit realizations of irreducible representations are not only interesting 
from the general point of view but also play a key role in the applications of the Represen- 
tation theory to Number theory, Geometry and Physics. "Good" realizations often capture 
important features of the underlying object and thus lead to a better understanding of its 
properties. 

Below we describe a construction of the infinite-dimensional representations of the quan- 
tum groups that may be considered as a generalization of the well-known construction of 
the finite-dimensional representations of the classical group due to Gelfand-Zetlin ^21; CS]- 
The authors came to this construction while trying to understand some explicit integral 
representations of the wave function of the quantum integrable theories [201, obtained in 
the framework of Quantum Inverse Scattering Method (QISM) |H], [22] ■ As it is in all other 
constructions of the irreducible representations, the crucial step is the choice of appropri- 
ate coordinates on Lie groups and maximal commutative subalgebras in (the skew-filed of 
fractions of) the universal enveloping algebra. Late, this construction was generalized to the 
case of the quantum groups Ug{Ql{N)) [12]. The obtained realization of the representation of 
the finite-dimensional quantum group possess very interesting properties. In particular, the 
representation space has a natural structure of Ug^Q) ® Uqv(Q^) - bimodule where ?7gv(g'^) is 
dual algebra. This duality turns out to be closely related to Langlands duality. 

It would be natural to suspect that further generalizations of the proposed constructions 
to the infinite-dimensional algebras are possible. Thus in [^ the construction of some class 
of the representations of the Yangian Y{q) for an arbitrary finite-dimensional semisimple Lie 
algebra g was given. These representations arise as a quantization of the symplectic leaves of 
the classical counterpart of the Yangian. Surprisingly it turns out that the symplectic leaves 
of the classical Yangian coincide with the moduli spaces of the monopoles supplied with the 
appropriate symplectic structure. The corresponding explicit expressions for the symplectic 
structure on the moduli spaces of G -monopoles were derived in [l^ for G = SU{2), in for 
G = SU (N) and in jlL for the general case. Thus the proposed in construction of the 
representations of Yangian provides at the same time the quantization of the moduli space 
of monopoles. This connection between the variables arising in the context of QISM and 
the variables arising in the study of the monopoles using the twistor methods PP is quite 
remarkable and obviously is a particular manifestation of the deep relationship between these 
two subjects. 

In this note we further generalize the construction of ^1], ^H], ^Z] to obtain a realization 
of a class of the infinite-dimensional representations of the finite-dimensional quantum groups 
Ug{g) and affine quantum groups f/q(0)c=o with zero level c = for an arbitrary semi-simple 
Lie algebra q. As an intermediate step, we construct the embedding of quantum groups into 
the algebra of rational functions on the quantum multi-dimensional torus. We postpone the 
technical details to another occasion ^H] and concentrate on the explicit expressions for the 
representations of the quantum groups. 

Similar to the connection of the Yangian representations with the quantization of the 
monopoles on the proposed representations of the affine algebra are connected with the 
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quantization of the periodic monopoles on x S^. In particular the classification of the 
trigonometric r-matrices underlying the quantum affine algebras Ug{g) corresponds to the 
classification of the special class of asymptotic boundary conditions on a monopole solutions 
on X S^. It would be natural to make one step further and consider the quantization 
of the moduli space of the double-periodic monopoles on R x S*^ x 5*^. Presumably this 
should correspond to the quantum elliptic algebras and, indeed, the choice of the asymptotic 
boundary conditions may be associated with elliptic r-matrix jS]. The detailed account of 
the relevant description of the moduli spaces of monopoles on R^ x and R x S*^ x 5*^ and 
its relation to the representations of the quantum groups will be given elsewhere |18j . 

Finally note that the embedding of Uq{g) into non-commutative multi-dimensional torus 
proposed in this note differs from the known similar constructions [21], [23 , Also there 
is an obvious similarity of our constructions with the constructions in jH], ^HI- However 
results presented in this note seem to be new. 

The plan of the paper is as follows. In Section 2 we recall the construction of a certain class 
of representations of the Yangian introduced in [T^. In Section 3 we give the generalization of 
the construction discussed in Section 2 to the case of the universal enveloping of the quantum 
affine algebra Uq{g) at c = for an arbitrary semisimple Lie algebra g. In Section 4 the 
explicit construction of the representations of the quantum groups Uq{g) for an arbitrary 
semisimple Lie algebra g is given. 
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2 A representation of Y{q) 

In this section we remind the explicit construction of a class of representations of the Yangian 
in terms of difference operators given in ^7]. 

We start with the definition of the Yangian for a semisimple Lie algebra g due to Drinfeld 
[7j. Let f) C b C g be a simple finite-dimensional Lie algebra g of rank i over C with a fixed 
Cartan subalgebra f) and a Borel subalgebra b. Let a = ||ajj||, i,j = l,...,ihe the Cartan 
matrix of g, P be the set of vertices of the Dynkin diagram of g, {at e f)*, i G P} be the set of 
simple roots and {ai,i G P} be the set of the corresponding coroots such that aij = a^i^aj). 
There exist coprime positive integers di,...,d£ such that the matrix ||(ijajj|| is symmetric. 
Define the invariant bilinear form on f)* by aj) = diaij, then aij = • 
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Introduce the formal generating series Hi{u) , Ei{u), Fi{u) , i eT: 

oo 

(2.1) 



n=0 n=0 



Definition 2.1 The Yangian Y{q) is the associative algebra with the elements H^I^\e\^\ 
fI"'\ i G F; n = 0, 1, 2 . . . and the following defining relations 



[hi{u), Fj{v)\ - -—{ai, aj) 



u — V 



2 " " u-v 
n — f 

[Ei[u),Ei{v)\ = - — {ai,ai) , 

[Fi{u),Fi{v}\ = —{ai,ai) , 

i-i XL U 

[E,{u),E,{v)] = 
ih. , [E,{u), E,{u) - E^{v)U [E^'\ E,{u) - E,{v 



(2.2) 



2\ t 7 I / 

u — V u — V 

[F,iu),F,{v)] = 
in ^ ^ [F,{u),F,{u)-F,{v)]^ [fI'\f,{u)-F,{v)] 

l^ttj, CXj) 

I u — V U ~ V 



^ [Ei{Ua{l)), [Ei{u„i^2)), • • • , [^i(Ma(m)), Ej{v)\ ...]]= , 

[i^.K(l)), [F^{U,(2)), . . . , [F^{u,(m)), F,{u)] ...]]= , (2-3) 

m = 1 - aij for i^ j , 
where [a, 6]+ := ab + ba and summation in \2/J\) is performed over permutation group ©m- 

Let Y{b) C Y{q) be the subalgebra generated by Hi{u),Ei{u), i eT. 



The exphcit description of the representation of the Yangian in terms of difference ope- 
rators is based on the choice of a large enough commutative subalgebra. We shah use the 
coefficients of the series Hi{u) as the generators of this subalgebra. In the constructed 

(n) 

representation H!^ will act by multiplication on the functions of some auxiliary variables. 
Thus to obtain representation of the Yangian we should find the representation of the other 
generators in terms of some difference operators acting on the same space of functions. 

Let us introduce a set of variables {■ji^k ;i E T; k = 1, . . . ,mj}, where rrii E N and let 
A4 be the space of meromorphic functions in these variables. Define the following difference 

operators acting on Ai: f3i^k = 6*^'®^'-'= . Below we use the convention Y['l=j fs '■= for any 
fsiik< J. 

Consider the operators 



n n n(^-7i,p- 



Hdu) = RduY^^^^ , (2.4) 

2 



p=i 



rrii 



n n ]\i.li,k-lj,p-"i{oii + raj,aj)) 
E.{u) = rfrV2 V ^:^^^lr=^ ^ , (2.5) 



pj^k 



m. 



k=l 

-1 —o.ji raj 



n n n i.li,k - lj,p - 'Hai + raj, aj) + f{ai, a,)) 

j=l r=l p=l ^ 

(u - 7i,fc - f (aj, tti)) n ili,k - li,p) 
where the rational functions Ri{u) will be specified below. 



(2.6) 



Theorem 2.1 ^i7|/ (i). For any set of positive integers {rrii, ,i ET} satisfying the conditions 
li := Y^^j^i^njCiji G Z>0; introduce the polynomials Ri{u) = nl=i('"~'^«,s)j where {z/j_s,2 G T, 
s = is a set of arbitrary complex parameters. Then the operators l{2.4\ )- ^^~^) 

considered as formal power series in , define a representation of Y{q) in the space M.. 

(a). Let {rrii, G F} be an arbitrary set of positive integers and Ri{u) be rational functions 
of the form Ri{u) = nl=i(w - i^^s)/ nl=i(^ - K,s)> where {z/J^ ,i eV , s = I, . . . ,lf} is a set 
of arbitrary complex parameters and If — = X]j=i ^jO-ji- Then the operators \2.4\) , 
considered as formal power series in u^'^ , define a representation of Y{b) in the space Ai. 



Below we generalize this construction to the case of the quantum affine algebra at zero level. 
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3 A representation of Un^o) 



c=0 



In this section we construct a representation of the quantum affine algebra at the zero level 
Uq{g)c=o- The construction is the direct generalization of the construction for the Yangian 
described in the previous section. We start with the definition of the quantum affine algebra 
Uq{Q) at c = for any semisimple Lie algebra g in terms of generating series following |7j. 

Let q be an undeterminate. Quantum affine algebra as an associative C(g) -algebra may 
be present in terms of the elements Kf^, H'f'\ n G Z\{0}, E\^\Fl"'\n ^ Z, i & T and 
relations. Introduce the formal generating series Kf{z),Ei{z), andF,(z), ieV: 



Kt{z) = Kf' exp ( ± (g. - qr') i^f "^^^") 



neN 



(3.i; 



where qi := q^\ 



Definition 3.1 Quantum affine algebra f/g(g) at c = is the associative algebra with ele- 
ments K^^, h\"'\ n G Z\{0}; E^"'\ Fj;"\ n G Z; z G F and the following defining relations: 

Kt{z)Kf{w) = Kf{w)Kt{z), 
Kt{z)Kj{w) = Kj{w)Kt{z), 
{z - qT^w)Kt{z)E,{w) = {qT^z - w)E,{w)Kt{z) , 
{z - q-''^^w)Kt{z)F,{w) = {q^'^z - w)F,{w)Kt{z) , 

5,; 



[E,{z),F,{w)] 



-5{z/w){Kt{w)-Kr{z)).^ 



{z - qTw)Elz)E,{w) = {qT'z - w)E,{w)E,{z), 
[z - q;''''w)Fi{z)Fjiw) = {qT^'-'z - w)Fj{w)Fi{z) 



(3.2) 



-11 



EE 

m 



a€&m k=0 



m 

k 

m 
k 



Ei{z^(^i)) . . . Ei{z^(^k))Ej{w)Ei{z„(^k+i)) ■ ■ ■ Ei{z^( 



m)) 



. . . Fi{z„^^^))Ej{w)Fi{z„^u+i)) ■ ■ ■ Fi{z^(m)) = 



-I qi 



m 



for ij^j. 



Here we use the standard notations 



m 
k 



\m 



q- 



[k]g\[m-k]g\ ' ■ ^Al^^ q-q ^ 



n 



qj — q 3 



. The 



q L -jy L - -I'j i<j<k 
formal delta-function is defined as 6{z) = J2nez^'^- -^^^ more details on the operator-valued 
formal series see, for example, 
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To define a representation of Uq{Q)c=9 in terms of the difference operators, we start with 
construction of the embedding of the corresponding universal enveloping algebra into the 
algebra Tg of the rational functions of the non-commutative multi-dimensional torus. 

Let Tg be the associative C(g)-algebra of the rational functions of invertible elements 
Vi,fc, Uj^fc, Wi^s, i = 1, . . . , i; = 1, . . . , mj G N; s = 1, . . . , /j G Z>o, subject to relations 

s s (3.3) 

and Wj are central elements in T^. Chose the set of natural numbers {rrii} satisfying the 
conditions 

e 

^mjaji = li, (3.4) 

i=i 

and consider the following formal generating functions Kf, Ei{z) and Fi{z) in variable z. 

The functions K^{z) and K~{z) are defined as infinite series expansion in and z of 
the same rational function 

—aji rrij 

n n n - ^^'^^ 

-1 \ jV* '^=1 p=i 



= c. n n ■ n(--s - -'.^) '-^^^ ' (^.s) 



where q = 11^=1 q^^"'^'^'^ . Due to conditions ()3.4j) the degrees of the polynomials in the 
numerator and in the denominator in ()3.5|1 coincide and thus Kf{z) as the power series in 
z"^^ have the form (pTTj) where Ki = d nl=i w^"^^ ■ n^=i Il^i • 

Let -R^^-'(z) be the polynomials such that R'i^\z)r[ \z) = Yl^s=ii^^7s ~ ^i,s)- The 
other generating series are defined as follows 



e m 



E^{z)=-i^ll^.,p■ n n 



1i ~ j=i+l p=l 



n n n «k - ^'-^"^^Ip) 

1 1 \ i,k i,p) 
-2mi "T-i «-l '"i 

n n n (gfv?,. - ^'^^ ^'^Ip) 

Er/ / 2 2 \ — 2t-i( — )/ 2 2 x i = l r=l p=l 
(^/?* Vi,fc) ^i,k R\ {1^ ^i,k) n / 9 _ ^9 ^ U.,fc 



(3.6) 
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Theorem 3.1 For any set of positive integers {m.i,i G F} obeying the conditions \^-4^ , the 
generating series Kf{z), Ei{z), and Fi{z) defined by \3. / IJ. 6|) . satisfy the relations \3. jjj) 
and therefore define an embedding vr : Uq{Q)c=Q ^ T^- 



The proof wiU be given in 

Let us introduce a set of variables {^i^k G C ; i G F; A; = 1, . . . , mj}, and let M. be the 
space of meromorphic functions in these variables. We also fix a set of the complex numbers 
Vi^si i = 1, ■ ■ ■ ,i, s = 1, . . . ,li. Define the following representation of Tg in terms of difference 
operators acting on A4: 



lUldijr^ ^'^''ik ---1,3 '"^1 /Q 

Uj,fc = e ''^'•S Vi,k = e ^2 , Wi,5 = e , g = e -2 , (,^-0 



where uJi and to'2 are arbitrary complex parameters. The following proposition is the simple 
consequence of Theorem Kill 

Proposition 3.1 Let us given the representation of Tq defined by \3. 7| ). The coefficients 
Kf \ Hf'\ n G Z\{0}, Ef'\F^'^\n eZ,ieT of the formal power series (E3j, ^EIE} define 
a representation ofUq{Q)c=o in M.. 



4 A representation of Uq{Q) 

The finite-dimensional quantum groups Uqi^Q) may be naturally considered as the subalgebras 
of the affine quantum groups ?7g(0)c=o- Indeed, the generators Kf^, Ef \ and Ff'^ introduced 
in the previous section obey the commutation relations of the finite-dimensional quantum 
group Uqi^o). We shall omit the superscript (0) and write down simply Ei and Fj. Thus 
the representations of the affine quantum groups introduced above automatically provide 
the representations of the finite-dimensional quantum groups. Below we give the explicit 
expressions for the generators in this representations. However we would prefer to work in 
this section in a slightly more general case and consider the various rational forms of the 
quantum groups. Let Q and P be the root and weight lattices of the Lie algebra q. There 
are different rational forms of the quantum group not isomorphic as C(g) algebras which 
may be enumerated by the choice of a sublattice M such that Q C M C P (see jS] , [23] and 
references therein). Thus for example the adjoint (the smallest) rational form U^{q) is the 
associative C(g)-algebra generated by Ei, Fi and Kf, z G F with the defining relations: 



K,E,Kr^ = <^-E, , K,F,K-' = q;"'^ F, , 



E F - E E- = 5- 



1 — a,;o 



r=0 



-1 



Qi - Qi 



-1 ' 



r=0 
l—aij 



1 — a 

r 

1 - ai 

r 



jpl—aij r 



(4.1) 



Ej-"''-' E.El = , i^i 



F,F[ = 0, z^j. 
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On the other hand, the largest, simply-connected, rational from U^{g) is obtained by adjoin- 
ing to U^{q) the invertible elements Lj ,i G F, such that Ki = Ylj ^'j^' obeying the re- 
lations LiEjL^^ = qf'^Ej, LiFjL~^ = ^''^ Fj. Given any intermediate lattice Q M C 
the corresponding rational form U^\q) is obtained by adjoining to U^{q) the elements 
Kp^ = Ylj for any basis Pi = & M, i E T, where Xj are the fundamental 

weights. For any simple root a, let ctj = Ylj^jif^j- Then the generators Ki are expressed 
by Kp. as Ki = Ylj ^^-^"^ ■ Let ||Mjj|| be the matrix inverse to and d = det||ajj||. 

Let Tg be the quantum torus defined in the previous section. The following Theorem is a 
generalization of the embedding of the finite-dimensional quantum group into quantum torus 
obtained by the restriction of embedding of the affine quantum group described in Section 
3. 

Theorem 4.1 (i). Let g be an arbitrary semisimple Lie algebra. Let K"^^ , Ei^ Fi, i G T be 

the generators of the rational form of quantum group U^{q), associated with the lattice M 
such that Q C M ^ P . The following expressions define the embedding vr : U^{g) Tq : 



'.(A>,)=c,.n(n-.>"-n-; 



j=l s=l p=l 

y« y« p=i j=i+ip=i 

n n n (vf,. - 



-2mi mi i~l rrij 



'ii p=l j=l p=l 



i-l -aji rrij 

n n n i<it<k - € 



Vli ^i,k) TT _ ^2 \ "i.fc ■ 

where rI'^\z) be the polynomials such that r[^\z)rI \z) = Yt^^iizw'f — wf^) and cp- = 

ni m.jnji/2 
i=i 

(ii). Let the elements of Tq are represented by \3. 1}) . Then the operators \4-^4l define a 
representation ofUq^lo) in M.. 

Remark 4.1 In the case g = s[{l + 1) the Theorem 4-i is a natural generalization of the 
Theorem 3.1 in H6.J. 



Note that there are known several embeddings of Uq{Q) into the algebra of quantum 
torus ( e.g. [2], Pll, Our construction is the new one and has deep relations with 
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the Quantum Inverse Scattering Method |T3] as well as with the natural parameterization 
of the moduli spaces of monopoles [17j. The detailed discussion of the connection with the 
monopoles on M? x will be described in [TH] . 
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